We prove a converse of the mean value property for superharmonic and subharmonic functions. The case of harmonic functions was treated by Epstein and Schiffer.
u(x) = (≥,≤) 1 B(x,r) B(x,r) u(y)dy.
Using the Lebesgue-dominated convergence theorem we see that the conclusion above holds whenever B(x,r) ⊂ U if u ∈ H(U) ∩ L 1 (B(x,r)) (SH(U) ∩ L 1 (B(x,r)),sH(U) ∩ L 1 (B(x,r))). Epstein and Schiffer [1] proved the following converse.
Then Ω is a ball with center x 0 .
A more general result was obtained by Kuran [3] . In this note we give a proof of the following converse.
2 Mean value property of super (sub) harmonic functions
Proof. Clearly it is enough to consider the case of superharmonic functions. Since Ω is bounded, there exists a largest open ball B centered at x 0 of radius r 1 which lies in Ω. The compactness of ∂Ω implies that there is some x 1 ∈ ∂Ω such that x 1 − x 0 = r 1 . We will show that Ω = B. Define
Obviously u k ∈ C 2 (Ω) and
Now using (6) we can write
for all k ∈ N * , where ω n denotes the measure of the unit sphere in R n . This implies that |Ω\B| = 0. Then the open set Ω\B must be empty, hence Ω ⊂ B. Since Ω is open and B ⊂ Ω ⊂ B, we deduce that Ω = B.
